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Abstract 

What times can we expect athletes to run at the London 2012 Olympics? This is the basis that 

inspired me to explore the main question I will be answering, whether statistical forecasting 

can be used to predict reliable results for running times of the future.  The purpose of this 

project is to see where the human body has limits and if we can foresee these results using 

mathematical modelling.  I will be collecting data from online resources, processing this data 

through analytical forecasting and then modelling.  The Project includes mathematical 

forecasting to predict an ultimate record for the 100 metres, 1500 metres and the marathon. I 

will be comparing my work with previous studies in similar areas, such as work related to the 

mathematics of running speeds to finding extreme values and the effects of age on running 

performance.  The diversity of my studies will hopefully enlighten us on what the optimum 

age is for achieving these world records, as well as finding what the limits for each age 

range.  
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0.1     Introduction  

Athletics have always provided a limitless source of fascinating and imposing problems in many 

fields, one of them being mathematics. Mathematicians have tried to model improvements in world 

records over time, producing a model with impeccable predictions to date does not always mean it can 

predict the future. Many mathematical studies have attempted models for the development of running 

events world records. The most interesting being, Blest
1
, focusing on 100 metres to the marathon, and 

Nevill and Whyte
2
 proposing longer distances from 800 metres to the marathon including both men 

and women. Blests results for the 100 metres were a little higher than predicted, but this could be due 

to the unexpected sharp decay in the last 10 years of the 100 metres world record, but the marathon 

falls in line with the results predicted in chapter 3.  

  

The problem with the mathematician modelling of athletics is the amount of variables which change 

from event to event, from wind to the advancement in technology, training, physiology and even the 

mental state of the athletes. Although these variables are occurring, one thing can be certain that the 

records set in different running events shed light on human limitations, thus providing data for 

mathematical investigations. Breaking world records has no sign of stopping, even though currently 

the world record for 1500 metres has been set in stone for nearly 14 years, thus exposing our 

limitations. So given the progression of the world records up to now, can we predict the ultimate 

world record?  

 

Human nature being what it is, people train just hard and long enough to achieve their goal but no 

more. Every athlete that sets a new world record pushes the boundary, breaking the limitations of 

what we know of mans best. Dedication, determination, motivation will drive the athletes to new 

levels, not anyone can break a world record let alone run a marathon as stated by Jermone Drayton 

(Canadian marathon record holder) ñ to describe the agony of a marathon to someone whoôs never run 

it is like trying to explain colour to someone who was born blindò(1977)
3
. 
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0.1.1    Specific Functions  

The three distances I will be covering are, short (100 metres), middle (1500 metres) and long 

(Marathon). The world records to date of each event will be used to produce a decaying graph, and 

when adding a trend line with the most accurate fit it will produce the predicted limitations of each 

event. To get the most accurate trend line several functions will be asserted to the world records, some 

functions that were presumed to be a better fit did not always give the pre-emptive trend. Blest, 

attempted the logistic, exponential and linear functions, but also tested the Gompertz function, which 

surprisingly didnôt actually give an accurate fit against my three distances, so I ruled this out.
 4
  

The table of functions on the next page (Table 1) was produced by Dr Michael McCabe (2012); from 

this functions were selected to be fitted with a Macro in Microsoft Excel.  
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(Table 1) A table with specific functions and there limits that could be used to fit trends. 

Model Function r(t) r(0) Limit t­¤ Comments 

Linear ὥ ὦὸ ὥ -¤ 
Equal annual progression; 0 after t = a/b 
Whipp and Ward 1992 Tatem et al. 2004 

Reciprocal ὥ
ὦ

ὸ
 ¤ a 

Decreasing annual progression, initially  ¤ 
Deakin 1967 

Harmonic 
ὥ ὦÌÎὸ  ‎ 
‎ πȢυχχςρ 

ὥ Њ 
See http://plus.maths.org/content/no-limits-

usain 

Arithmetic 
ὥ ὸ

ςὦ ὸ ρὧ
 ὥ Њ  

             Quadratic ὥ  ὦὸ ɀ ὧὸ ὥ Њ 
Quadratic curve with minimum c < 0 

Initial decrease, then increase 

Geometric 
ὥ ɀ ὦρ ɀ ὧὸ

ρ ɀ ὧ 
 ὥ ὥ ὦ Proportional annual progression to limit 

        Linear Quotient 

 

            
 

  
 

 
 

 ὥ 
 

   
  

 ὦȾὧ 
 

 
 

Numerator increases; denominator decreases  
 

Log Quotient 
ὥ ὦ ὰὲὸ ρ 
 ρ ὧ ὰὲὸ ρ 

ὥ ὦȾὧ Could use log10 

Exponential ὥ  ὦ Ὡ  ὥ  ὦ ὥ  

Modified Weibull ὥ  Ὡ ͮ  ὥ  ρ ὥ Generalises exponential 

Logistic 
ὥ

ρ ɀ ὦ Ὡ  
 ὥȾρ ɀὦ ὥ  

Gompertz a + b e-exp[c(t-d)] a + b e-exp[-cd]
 a Kuper and Sterken 2006 

Piecewise exponential ai + bi e
-ci t a0 + b0 an  
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0.1.2    Explanation of Macro  

The macro in excel is very general and can be used to fit any function to a selected number of data 

points, obviously the smaller sums of squares the more accurate the fit. The programme for the macro 

is situated below and explained:  

This macro is for the linear 100 metres 

fit, the macro sets the sum of all the 

squares to an extremely high number 

being 100,000. Then a range of 

parameters are selected for the variables 

a to d with a selected step size so the 

macro doesnôt time consume.  

The sums of the squares are totalled 

from the world records and selected 

variables, if the sums of squares are 

smaller than the previous then this will 

be selected as the new best fit, hence 

why 100,000 was picked for the initial 

number.  

Selecting the best parameters these will 

then be shown in column I, giving me 

the numbers for the start and ending 

limit, as well as the sums of squares 

which will be the three variables I will 

take into account when selecting the best 

function. 

Fig 1 shows Macro used in Microsoft Excel 

The macro can run for each distance 100 metres, 1500 metres and the marathon. It produces the 

multiple graphs in chapter one, two and three. At the end of the chapters I will explain which function 

gives the best fit and what the prediction it gives. Then in continuation I will look at all the distances 

collectively to see if there is a single function which gives the best accuracy. In the second part of 

chapter 4 I will be explaining what I would have liked to do to continue my predictions, showing an 

example of the extreme value theorem for the 100 metres produced by John H.J. EinMahl and Sander 

G.W.R. Smeets. 

 
Sub Linear100m() 
 
Range("E111").Value = 100000 
For a = 10.47 To 10.5 Step 0.001 
For b = 0.0075 To 0.0085 Step 0.00001 
For c = 1 To 1 Step 1 
For d = 1 To 1 Step 1 
 
Range("K2").Value = a 
Range("K3").Value = b 
Range("K4").Value = c 
Range("K5").Value = d 
 
If Range("E110").Value < Range("E111").Value Then 
Range("E111").Value = Range("E110").Value 
Range("I2").Value = a 
Range("I3").Value = b 
Range("I4").Value = c 
Range("I5").Value = d 
End If 
 
Next d 
Next c 
Next b 
Next a 
Range("K2").Value = Range("I2").Value 
Range("K3").Value = Range("I3").Value 
Range("K4").Value = Range("I4").Value 
Range("K5").Value = Range("I5").Value 
 
End Sub 

(Fig 1) 
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Physiology and age factors will be my focus in chapter 5, showing how they affect running times for 

athletes. The three physiology parameters I will be focusing are, maximum aerobic power, anaerobic 

power and endurance, using these in the model produced by Péronnet and Thibault. The model has 

been used in maple, using the fastest times for each distance for certain ages; it will fit the closest 

estimated time to the real one using the three parameters. The programme works the same as the 

macro using a selected range for each parameter with a step size. When the three parameters have 

been concluded for each age group I will see how they fair in trend against an increasing age.  

The work in this project suggests limitations in both world records and physiology, seen as absence of 

limitations would lead to unnatural unbounded possibilities.  
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Chapter 1     Forecasting Predictions and Analysis of the 100 Metres 

1.1    Overview 

The 100 metres sprint has been the most prestigious track event in the history of athletics. It is the 

shortest outdoor distance and whoever holds the world record adopts the name ñfastest man or woman 

in the worldò. A title held by a few over the years, but as time goes by the struggle to take over the 

title of fastest man or woman becomes more apparent. Or does it? Usain Bolt successfully smashed 

the world record for the hundred metres for the third time in Berlin 2009, achieving a time of 9.58 

seconds. The effect of Bolts times on the world record are clearly shown to be dramatic using 

mathematical modelling by Reza Noubary.
5
  

This progression is explained well by Kuper and Sterken (2007, P2) who found that ñIn the early 

phase of the development of running events, competition is not fierce, and amateurism dominates. At 

the infliction point the rate of progress is large, because more sportsmen get involved, more 

professional help is available, rewards become more visible, etc. After this rapid development phase 

there is a phase of saturation. It is hard to improve the record and only at a few instances a highly 

talented individual is able to break itò.
6
 

 This result as well as the previous two world records set for the 100 metres has dropped the estimate 

for the ultimate world record by a significant amount. The results I am producing from several 

different trends predict that the world record will be at 9.35 seconds in the next 100 years and the 

ultimate world record could fall just above the 9 second barrier. This number also agrees with several 

publications that use both similar and different techniques. 

1.2   External Variables  

There are many reasons for peopleôs uncertainty with estimating the limit to human performance, due 

to other interfering factors, such as the wind, drugs and advancements in technology. The progress in 

technology has come hand in hand to produce faster and faster times, for instance in 1912 running 

spikes, starting blocks and polyurethane tracks where not in use. The wind is another key factor and 

can determine the difference of the world record, a 2m/s wind assistance could amount to around 0.1 

seconds. There is nothing I can do about the advancement technology, but times which have been 

banned due to drug usage and high winds will not be counted in my results. 

 



 
14 MMaatthheemmaattiiccaall  FFoorreeccaassttiinngg  ooff  RRuunnnniinngg  LLiimmiittaattiioonnss                                              CC  SShhaaww                                                              447788006655 

9.4 

9.6 

9.8 

10 

10.2 

10.4 

10.6 

10.8 

0 20 40 60 80 100 

T
im

e
 (

Se
co

n
d

s)
 

Year Post 1912 

World Record (Fig 1.1) 

World Record 

1.3   Performance Data  

I have collected data for the hundred metres from the IAAF data base and have filtered every world 

record from 1912 to the present day.
7
 There are 17 world records in all. Using Microsoft Excel I will 

be plotting the world records against the year. Once the results are up on the graph I will use a Macro 

created in Excel to fit the best trend line to the data. The Macro has been written to fit a trend line on 

the graph according to the function given, filtering through all possible combinations of numbers for 

the selected variables. Each of the variables has been checked to 5 decimal places in some cases, so 

the results are as accurate as needed for the purpose of the prediction. Filtering through it will select 

the best combination of numbers which produce the smallest difference in sums of the squares. The 

smaller the difference the better the trend line has fitted which thus should give us the best prediction. 

Although, as we will see some of the better trend lines may not be as good as they make out as their 

limits are not realistic and tend to give unreliable predictions.  

I will first give an overview of each function and their visual representation on a forecasting graph. 

Then subsequently will draw up a table and go over the sum of squares to determine which is the most 

accurate and make my own prediction using these results.  

1.4   Visual Representation of the Hundred Metres Progression  

Using the IAAF data the first Graph can be produced showing the fall in running time against the 

starting year 1912 to the current year 100 on the X -axis (Fig 1.1) 

 

 

 

 

 

 

 

 

Fig (1.1) shows the 100 metre world record progression over the last 100 years 
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The world record progression shows a significant drop in the most recent 5 years, this is due to Usain 

Bolt going against the odds and breaking the world record three times. If the last three times were not 

included one can make out a fairly smooth curve presenting a limit point. However with Bolt's records 

included this will drop the overall ultimate record. Peter Weyand, a physiologist at Southern 

Methodist University in Dallas, who focuses on the biomechanics of running for over 15 years, said 

that, "Bolt is an outlier. Heôs enormous.ò
8
 As itôs a world record it has to be taken into account but as 

Weyand said this is a very rare occurrence and has shattered predictions.  

1.4.1 Linear Model and Macro Validation 

 

 

 

 

 

 

 

 

 

Fig (1.2) shows the 100 metre world record progression over the last 100 years, with a linear trend 

line and macro validation (black line). 

Fig (1.2) shows the linear fit through the world records isnôt bad through the first 100 years, but when 

it comes to the limiting factor, it will continue going till it hits zero which you would have to be 

travelling faster than the speed of light to achieve.  So the prediction is very unrealistic. The other big 

reason for plotting this trend line is to show the macro created is working. As the red trend line 

created from the Macro fits the same linear trend line from Excel we can presume it is working fine 

and move on to further testing.  
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1.4.2 Quadratic Model 

 

 

 

 

 

 

 

 

Fig (1.3) shows the 100 metre world record progression over the last 100 year, with a quadratic trend 

line and validation (black line). 

Fig (1.3) shows the quadratic fit through the world records but this time comes to a curving point 

showing the limit will not tend to zero. The lower bound limit of the function hits a reasonable 9.146 

seconds prediction in the year 2186. The problem is the function then ascends after the plateau 

meaning this gives an unrealistic prediction after the year 2186.  

1.4.3 Linear Quotient Model 
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Fig (1.4) shows the 100 metre world record progression over the last 100 years, with a linear quotient 

trend line.  

Fig (1.4) shows the quotient fit through the world records, again the trend line curves off and comes to 

a lower limit of 8.148 Seconds in a very distant million yearôs time. The curve doesnôt have as steep 

decline as the quadratic but over time it shows a dramatic steady decrease. Both the quadratic and the 

quotient have failed to pass through bolts incredible time of 9.58 seconds, showing that his 

performance is well before its time. The 8.148 seconds prediction may not sound too dramatic as 

advancements in technology, diet and training for athletes may help push to this barrier if athletics is 

still around in a million years time.  

Taking a prediction closer to date shows a more reasonable prediction, in 100 years time the 100 

metres world record will be 9.30 seconds. Looking at the data given in the previous hundred yearôs 

man has shed around 1 second off the world record, so three tenths of a second in the next hundred 

doesnôt sound too unrealistic.  

1.4.4 Logarithmic Quotient Model 

 

 

 

 

 

 

 

 

Fig (1.5) shows the 100 metre world record progression over the last 100 years, with a log quotient 

trend line. 

Fig (1.5) shows the log quotient fit through the world records but the trend line is not what was 

expected and doesnôt fit the world record trend very well. The trend line gives a satisfactory fit up to 

1996 but then ceases to remain close to the more recent world records as they dramatically drop over 

the last 7 years. The limit of the trend line is integer b/c which equates to 0.004, showing that the 

trend line reaches an impossible time for the 100 metres. 
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1.4.5 Logistic Model 

 

 

 

 

 

 

Fig (1.6) shows the 100 metre world record progression over the last 100 years, with a logistic trend 

line. 

Fig (1. 6) shows the logistic trend line of the world records. The trend line fits very well apart from 

the last two world records but this was expected. The trend lines limit is at 9.01 seconds which is 

reached in just over a 1000 yearsô time. The logistic fit shows a smooth decrease in time but slowing 

down as time goes on, this produces realistic outcome of 9.48 seconds in the next 50 years and 9.34 

seconds in the next 100 years.  

1.4.6 Harmonic Model 
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Fig (1.7) shows the 100 metre world record progression over the last 100 years, with a harmonic trend 

line. 

Fig (1.7) shows the harmonic trend line through the world records. The harmonic trend line is very 

similar to the log quotient but the harmonics trend line will keep descending till negative numbers 

which is not possible so therefore doesnôt give a later future prediction at all. The trend line fits well 

until again 1996 where it fails to follow the trend which in 100 years time still hasnôt beaten the 

current world record.   

 

1.4.7 Exponential Model 

 

 

 

 

 

 

 

Fig (1.8) shows the 100 metre world record progression over the last 100 years, with an exponential 

trend line.  

Fig (1.8) shows the exponential trend line through the world records. The exponential has a limit at 

9.03 seconds which is predicted to be achieved in roughly 1000 years. The exponential decay of this 

trend line has given a good fit and prediction for the near and far future. The only outlier is again 

Bolt's current world record which is before its time.  
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1.4.8 Arithmetic Model 

 

 

 

 

 

 

 

Fig (1.9) shows the 100 metre world record progression over the last 100 years, with a Arithmetic 

trend line.  

Fig (1.9) shows the arithmetic trend line through the world record. This is very similar to the linear 

but there is a slight curve in the trend line showing a good fit through the world records but as time 

goes on the prediction becomes more unrealistic as the limit for this function is minus infinity passing 

through zero makes this impossible, thus rules out  arithmetic.
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1.5 Mathematical Analysis  

 

(Table 2) Shows the model functions, there initial and final limit and there sum of squares with ranked order.  The table is colour coded, red is extremely 

unlikely, orange is possible and green is most likely or nearest the real life. The model function column having their final outcome. 

Model 

Function 
F(t) F(0) 

Limit 

tᴼÐ 
F(0) = 

Present 

Day 

Prediction 

F(200) = 
Lim 

tᴼÐ  

Sum of 

Squares 
Rank  

Linear ὥ ὦὸ ὥ    Њ 10.491 9.671 8.867 Њ 0.05238 5 

Quadratic ὥ  ὦὸὧὸ ὥ Ð 10.520 9.696 9.248 Ð 0.04922 4 

Linear 

Quotient 

ὥ ὦὸ

ρ ὧὸ
 ὥ 

ὦ

ὧ
 10.558 9.707 9.307 8.148 0.04762 1 

Log Quotient 
ὥ ὦÌÎὸ ρ

ρ ὧÌÎὸ ρ
 ὥ 

ὦ

ὧ
 10.94 9.806 9.660 0.004 0.16415 7 

Logistic 
ὥ

ρ ὦὩ
 

ὥ

ρ ὦ
 ὥ 10.94 9.709 9.350 9.01 0.04854 2 

Harmonic 
ὥ ὦÌÎὸ ‎ 
‎  πȢυχχςρ 

Ð Њ Ð 9.808 9.665 Њ 0.18916 8 

Exponential ὥ ὦὩ  ὥ ὦ       ὥ 

 

 

10.55 9.707 9.337 9.03 0.04859 3 

Arithmetic 
ὥ ὸ

ςςὦ ὸ ρὧ
 ὥ Ð 10.49 9.672 8.850 Њ 0.05280 6 
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Table 2 shows each function, its starting point and its ultimate limit as time tends to infinity.  The 

table also shows the sum of squares, the closer the number is to zero the better fit of the functions 

trend line. Using both these variables together to determine which of the functions gives the most 

likely prediction.   

The present day predictions using the trend line are all completely above the actual world record this 

because as previously stated Boltôs time is an outlier, therefore we will not take this into account as 

they all are incorrect. The final limit and sums of squares are the most important factors which have to 

be plausible, followed by initial limit and present day.  

The limitations for the harmonic, linear, arithmetic and quadratic get more unrealistic as time goes on 

either heading to plus or minus infini ty. Although the initial descending half of the quadratic curve is 

very accurate and produces a realistic 9.248 seconds in 100 years time and a lower limit time of 9.146 

seconds achieved in 175 years time.  

The log quotients limit is 0.004 which is just as unrealistic as the previous functions and as well as 

this has the second highest sum of squares ruling this function out.  

The top three sum of squares, the linear quotient, logistic and exponential functions all come out 

below 0.05 of a difference, showing a very accurate trend line. The linear quotient comes on top of the 

accuracy of fit of the trend line, but then has an extremely lower final limit than the logistic and 

exponential. This lower limit is compensated by the time it takes to reach it thus making it more 

realistic due to advancements in the sport, but taking over a million years to reach 8.148 seconds, the 

limit lies a bit far out the predicting limit due to having data collected from only 100 years.  

The combination of the small difference in the sums of squares and the realistic limits make the 

exponential and logistic functions the best trend lines for a prediction. The exponential has a better 

starting limit as the world record did start at 10.6 seconds so I think this personally gives the best fit 

out of all the functions used.  

A study with world record data from 1912 -2002 concluded that the logistic and exponential came out 

on top, although their predictions are a lot higher than the ones I have produced. This is due to the 

world records over the last 10 years, which have pulled down predictions due to the dramatic decrease 

in times. (http://condellpark.com/kd/sprintlogistic.htm) 

The exponential predicts a world record of 9.48 seconds in 50 years  time and ultimate world record 

of 9.03 seconds, reached in around 600 years time.  
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Chapter 2     Forecasting Predictions and Analysis of the 1500 Metres 

2.1 Overview 

The 1500 metres is the first of the track events which start to use more of the aerobic endurance. It is 

akin to the famous mile run, being just under a mile (a mile being 1609.344 metres) and was 

introduced on the 500 metre tracks in continental Europe.  The first official world record set in 1912 

was under 4 minutes which is now the mile stone for the mile. The current 1500 metres record was set 

in 1998 at 3:26:00 by Hicham El Guerrouj (MAR), so the record has shed by 30 seconds over a period 

of 100 years. The 1500 metres world records over the last 100 years have been very linear even more 

so than that of the 100 metres.  

2.2 External Variables 

As well as the previously mentioned advancements in technology, there are other factors like the 

economic state of certain countries.  For instance before the Second World War there were no more 

than 50 nations represented at the Olympics, now there are over 4 times that amount, all competing at 

higher and tougher standards each year. The influence the economic state has,  is shown for example, 

ñIn Nigeria,  with a population of 90 million, the percentage of people able to take part in sport will 

have increased from perhaps 10% when the country first started sending teams to the Olympics to 

something over 60% now, bringing 50 million more people into contention in one country alone.ò
9
  

 2.3 Performance Data 

Again the data I have collected for the 1500 metres will come from the IAAF data base and I have 

filtered every world record from 1912 to the present day.
10

 From the data collected there are 27 world 

records accounted for, and these will be put into Microsoft Excel. Again I will be using the Macro 

adjusted for each function being used against the world record progression results. The results will 

produce the sums of squares similar to the 100 metres previously, and a limit on the ultimate world 

record both of these things will be taken in to account to find the best function for an ultimate 

prediction.  

I will first give an overview of each function and there visual representation on a forecasting graph. 

Then subsequently will draw up a table and go over the sums of squares to determine which is the 

most accurate and make my own prediction using these results.  

 

http://en.wikipedia.org/wiki/Hicham_El_Guerrouj
http://en.wikipedia.org/wiki/Morocco
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2.4 Visual Representation of the 1500 Metres Progression 

 

 

 

 

 

 

 

Fig (2.1) shows the world record progression of the 1500 metres over the last 100 years. 

Fig (2.1) shows a very linear decay in time over the past 100 years, although the world record has not 

been broken in the last 13 years. As well as this from 1985 there has only been 3 new world records, 

so it would appear the frequency of breaking the world record is slowing down as it becomes ever 

harder to beat. 

2.4.1 Linear Model and Macro Validation  

 

 

 

 

 

 

Fig (2.2) shows the world record progression of the 1500 metres over the last 100 years, with a linear 

trend line and validation. 

Fig (2.2) shows the linear function trend line through the world records the line is a very good fit 

through the data but is limited again by its predictions by its own limit. Its limit tends to minus 
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infinity passing through zero which is unrealistic. In the near future the trend line might produce 

accurate predictions but the further away in time the prediction will be less accurate. Also the linear 

functions trend line produced by the macro fits the trend line given by excel proving the macro is 

working correctly for the 1500 metres. 

2.4.2 Quadratic Model 

 

 

 

 

 

 

 

 

Fig (2.3) shows the world record progression of the 1500 metres over the last 100 years, with the 

quadratic trend line.  

Fig (2.3) shows the quadratic trend line through the world records, the fit is very good and this time 

the trend line start to slow down decaying as time goes on till it hits a lower limit. The lower bound 

limits at 181. 75 seconds (3min 1.75 seconds) in 150 years time which sounds feasible? The problem 

again with the quadratic is that once it passes the lower bound it then increases to infinity as time 

tends to infinity. So again the beginning half of the function acts as a good predictor, but it is logical 

to ignore the second half. 
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2.4.3 Linear Quotient Model  

 

 

 

 

 

 

 

 

Fig (2.4) shows the world record progression of the 1500 metres over the last 100 years, with a linear 

quotient trend line. 

Fig (2.4) shows the quotient trend line through the world records. The fit through the points is as good 

as the quadratics but the problem is like the previous quotient in the 100 metres, the limit of the 

function tends to 83.67 seconds in again a very distant million years. This distant prediction canôt be 

taken as the data only spreads over 100 years and to predict a result a million years in the future is 

ludicrous due to other unknown factors.  

2.4.4 Logarithmic Quotient Model  
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Fig (2.5) shows the world record progression of the 1500 metres over the last 100 years, with a log 

quotient trend line. 

Fig (2.5) shows the Log quotient trend line through the world records and does not produce an 

accurate fit. The trend line doesnôt even hit the current world record till over 100 yearôs time.  

The limit of the trend line is integer b/c which equates to 0.002 showing this trend line reaches an 

impossible time for the 1500 metres. 

2.4.5 Logistic Model 

 

 

 

 

 

 

 

 

 

Fig (2.6) shows the world record progression of the 1500 metres over the last 100 years, with a 

logistic trend line. 

Fig (2.6) shows the logistic trend line through the world records that fit  the slow decent in the trend 

line till it reaches its limit at 182.1 seconds (3min 2.1 seconds). This record is predicted in less than 

1000 years and it also predicts a realistic time of 3 min 11 seconds (shedding 15 seconds) in 100 

years. Although this sounds realistic based on a 100 years of data for a prediction just under a 1000 

years in the future, we should not be fooled as comparing the sum of squares seems to show us 

something different. 
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2.4.6 Harmonic Model  

 

 

 

 

 

 

Fig (2.7) shows the world record progression of the 1500 metres over the last 100 years, with a 

harmonic trend line. 

Fig (2.7) shows the not so great fit of the harmonic trend line through the world records. The 

harmonic function will decrease by a smaller integer as the time increases but will never stop 

decreasing meaning it will achieve the same as the log quotient reaching a negative limit eventually, 

this being impossible. Also the trend line prediction for 100 years time hasnôt even surpassed the 

record of the current day, ruling this function out.  

2.4.7 Exponential Model 

 

 

 

 

 

 

 

Fig (2.8) shows the world record progression of the 1500 metres over the last 100 years, with an 

exponential trend line. 
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Fig (2.8) shows the much better fit of the exponential trend line through the world records. The 

exponential has an ultimate world record limit at 2 min 39.4 seconds, which being 1200 years away 

makes it that little bit more realistic, but it still doesnôt make it completely sound. To see what the 

exponential sum of squares results are to gauge whether the trend line is a good line to follow and 

how realistic its proceedings outcome.  

2.4.8 Arithmetic Model 

 

 

 

 

 

 

 

 

Fig (2.9) shows the world record progression of the 1500 metres over the last 100 years, with an 

arithmetic trend line. 

Fig (2.9) is the last graph of 1500 metres showing the arithmetic trend line through the world records. 

The line is very similar to the linear but unlike all the previous graphs it starts to curve decay at a 

quicker rate as time progresses. The trend line continues till it passes through zero continuing to 

minus infinity which throws this function predictor out as this not possible. Even though the future 

predictions are not likely to be accurate, the fit of the trend line to the world records are better than 

some of the other functions, this will be shown in the next part when I compare the sum of squares. 
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2.3 Mathematical Analysis  

 

(Table 3) shows the functions used previously, their initial and final limits as well as their sum of squares and there rank. The table is colour coded, red is 

extremely unlikely, orange is possible and green is most likely or nearest the real life. The model function column having their final outcome.

Model Function F(t) F(0) 
Limit 

tᴼЊ 
F(0) = 

Present day 

prediction 
F(200) = 

Lim 

tᴼЊ  

Least   

Squares 
Rank  

Linear ὥ ὦὸ ὥ   Њ 236.29 199.50 164.09 -Њ 52.075 5 

Quadratic ὥ ὦὸὧὸ ὥ Њ 238 201.44 184.00 Њ 43.359 2 

Linear Quotient 
ὥ ὦὸ

ρ ὧὸ
 ὥ 

ὦ

ὧ
 237.8 201.57 180.00 83.6 43.535 3 

Log Quotient 
ὥ ὦÌÎὸ ρ

ρ ὧÌÎὸ ρ
 ὥ 

ὦ

ὧ
 255 211.52 206.75 0.0002 546.90 7 

Logistic 
ὥ

ρ ὦὩ
 

ὥ

ρ ὦ
 ὥ 240 204.19 196.35 192 71.553 6 

Harmonic 
ὥ ὦÌÎὸ ‎ 

‎  πȢυχχςρ 
Њ Њ Њ 211.35 206.07 -Њ 584.35 8 

Exponential ὥ ὦὩ  ὥ ὦ ὥ 238 202.16 183.07 159.4 43.292 1 

Arithmetic 
ὥ ὸ

ςςὦ ὸ ρὧ
 ὥ Њ 234.8 199.36 155.30 Њ 45.56 4 
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Table 3 shows the model functions, their limits and the sum of squares. The sums of squares have 

been ranked in order; from the best fit (1) ascending rank to the worst. The sums of squares are the 

main aspect to determine the best predicting function, but I will also take into account the limits both 

starting and ending.  

The present day predictions are very useful in this table, unlike the 100 metres previously. The log 

quotient and the harmonic are ruled straight out because they are larger than the current world record.  

The arithmetic and linear functions produce extremely low times which are 7 seconds off the world 

record as well as the linear quotient and quadratic nearly reaching these extremely low times as well. 

All four of these functions have predicted a lower time that I think personally can be achieved. 

Logistic and exponential functions are the two functions which look most realistic knocking 2 seconds 

and 4 seconds off the world record respectively, but the logistic is the nearest to the present day world 

record, even so the other factors like sum of squares need to be taken into consideration. 

The linear, arithmetic and the harmonic functions all have a final limit of minus infinity which is very 

unrealistic. The arithmetic and linear has a very rapid decay in time compared to the harmonic, but 

sum of squares show a better fit to the world records. So yet again like the 100 metres I will rule these 

functions out.  

The log quotient function is not drastically better than the previous functions; the least square fit is 8 

times larger than the next in rank. So the trend line isn't an accurate fit, as well as this the limit 

reaches 0.0002, which again would only be possible if travelling at the speed of light. So again the log 

quotient has produced an unrealistic limit like the 100 metres and will most likely produce similar 

results for the marathon.  

The quadratic function produces a better fit, it actually comes 2nd in rank for the sum of squares and 

the lower limit is 3 minutes 1.84 seconds in 150 years time, which is plausible, but one other thing lets 

the function down. After the function reaches its lower limit it then ascends back up to infinity, 

spoiling the quadratics predictions.  

The linear quotient is positioned third in the sum of squares rank, but there is only a 0.3 difference 

between it and the first ranked function. The downfall for this function is the final limit, reaching 83.6 

seconds (1min 23.6 seconds) which for me appears too extreme, as the world record over the past 100 

years is plateauing and has only dropped by just under 30 seconds. 

The logistic function has the opposite problem, its sum of squares is nearly twice the size of the linear 

quotient, but the limit is a lot more realistic 3 min and 12 seconds, knocking off 14 seconds off the 

current world record. Visually the fit for the logistic looked pretty accurate but the least square proves 

this wrong, showing going by visual representation alone would not be satisfactory. 
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The only function with an overall better fit and limits is the exponential, this agreeing with other 

peoples work shown in chapter 4. The least square is the highest ranked, thus producing the closest fit 

to the world record points out of the functions used. The final limit is producing an ultimate world 

record of 2 min 39 seconds, which is a bit lower than I would have expected. To produce a time like 

this an athlete would have to run each 100 metre stretch in 10.62 seconds, which could be possible in 

1000 years when the function predicts. Closer to home, the 100 year prediction is 3 minutes 3.07 

seconds, which is scrapping 24 seconds of the current world record. As previously stated the world 

record has dropped by 30 seconds over the last 100 years so 24 seconds might be possible depending 

on the plateau of future times, but any further might be a struggle. 

The predictor is hard to call between the exponential and logistic but because the present day results 

are closer, the sum of squares not being drastically different and the exponential limit just seeming too 

far to reach, I think the logistic just pips it. 

The economic and technological factors will account for the linear progression of the records over 

most of the modern era, but in both the 1500 and 100 metres we are seeing a reduction in the decay of 

times. The 100 metres took 70 years for it drop by a second, and since 1968 it has only dropped 0.37 

seconds. So clearly man is reaching his physical limits in sprint and middle distance events, but is this 

the same for longer distances like the marathon? 
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Chapter 3    Forecasting Predictions and Analysis of The Marathon 

3.1 Overview 

Over 2500 years ago a Persian king sent out thousands of his troops to Greece to punish the Athenians 

for mocking and not abiding his offers.  The Athenians were ready for battle surprising the Persian 

king and his troops, even though the Athenians werenôt the finest of soldiers unlike their Spartan 

neighbours; they still managed to win victoriously at the city of marathon. The fleeing Persians set 

sail for Athens seeking revenge, so the Athenian general sent his best messenger/runner, Pheidippides, 

to run back to warn the citizens of Athens of their pending danger. As Pheidippides reached Athens, 

after a 26.3 mile run, beating the ships, he managed to spread the word of the Persian troopôs arrival 

before his untimely death. His heroic act saved many citizens and Athens, and thus why it is called the 

marathon from the ancient Greek Olympics. Over the years the marathon was changed to 26 miles 

exact in 1908 and then the IAAF changed it to the equivalent of 42.195 Kilometres. 
11

 

3.2 External Variables 

The marathon time was set at 2:40:34(in 1912)  but then in 1921 the marathon distance was changed 

from 24.98 miles to 26.3 miles. Ninety years later in 2011 the world record is currently 2:03:38 

knocking off over 36 minutes, nearly a ¼ of the previous time. The mental and physical side of the 

marathon is what sets it apart from other running and track events. The runners must overcome 

physical and mental tiredness, this is evident as it is the only event to have water and nourishment 

available during the race. They need to know how to economise their energy over long distances, 

trying not to dissipate any unnecessary energy while keeping their endurance to the highest level 

possible.  

3.3 Performance Data 

The continuing progression of the marathon record has led people to question if and when someone 

will run under 2 hours. These questions I will try and answer using a macro to fit different function 

trend lines against the 28 previous world records, to see which has the most accurate sum of squares 

and limit. Using the data produced from the graphs I will predict if the 2 hour marathon is possible 

and if so when? Also I will be comparing this to external sources to make for a reliable answer.
12
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3.4 Visual Representation of the Marathon Progression 

 

 

 

 

 

 

 

 

Fig (3.1) shows the world record progression in the marathon over the last 100 years. 

Fig (3.1) shows the progression of the Marathon world records to date. There is a large brake between 

1926 and 1947 where there were no new records set over 20 years; some people say this was due to 

the Second World War.  In fact in the years 1940 and 1944 the Olympic Games were cancelled due to 

the world war, as they were due to be held in Tokyo, Japan and London, Great Britain. The graph 

shows the record was finally broken in 1947 but only by five hundredths of a second. The record 

looks like and outlier, and splits the graph in to two from the 1947 world record we can make out an 

exponential line decaying with time. If we removed the 20 year gap between the two records 1926 to 

1947 then all of the points would make for a smoother curve. Even though this may be true I will be 

taking the gap into account and see what the functions produce.  

3.4.1 Linear Model and Macro Validation 
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Fig (3.2) shows the world record progression in the marathon over the last 100 years, with a linear 

trend line and macro validation. 

Fig (3.2) shows the linear fit through the world records, unlike the 100 metres and 1500 metres the 

world records are less linear, and thus the linear trend line isnôt as accurate. As well as this it fails 

from the limits previously picked up on, the lower and upper limit are infinite meaning that as time 

goes on the graph gives more unrealistic predictions.  

3.4.2 Quadratic Model 

 

 

 

 

 

 

 

 

Fig (3.3) shows the world record progression in the marathon over the last 100 years, with a quadratic 

trend line. 

Fig (3.3) shows the quadratic trend line through the world record points. The trend line is very similar 

to the linear model but has a slight curve to it slowing down the decay in time as the years ascend. 

The fit isnôt as accurate as the quadratic has been previously, this could be due to the fact the points 

arenôt in as smooth curve as the previous distances studied. 
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3.4.3 Linear Quotient Model 

 

 

 

 

 

 

 

 

 

Fig (3.4) shows the world record progression in the marathon over the last 100 years, with a linear 

quotient trend line. 

Fig (3.4) shows the Quotient trend line through the world records, the curve is the best fit visually so 

far. It decays a lot less as the years ascends, smoothing out to a more realistic world record limit. The 

trend line fits through the points apart from the 1947 world record which is not a surprise, again this 

could be due to less training and the cancelled Olympics due to the World War over this long period.  

3.4.4 Log Quotient Model 
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Fig (3.5) shows the world record progression in the marathon over the last 100 years, with a log 

quotient trend line. 

Fig (3.5) shows the log quotient fit through the world record points. The functions fit again like 

previously shows an inaccurate fit of the world record points.  The function decays too fast up to year 

35 (1946) and then abruptly slows down the decay, not reaching the current world record till 2111. 

Even though the decay is slowing down the trend line doesnôt stop till reaches a unrealistic limit of 

0.0001 minutes. So this function is therefore ruled out completely.  

3.4.5 Logistic Model 

 

 

 

 

 

 

 

 

 

Fig (3.6) shows the world record progression in the marathon over the last 100 years, with a logistic 

trend line.  

Fig (3.6) shows the logistic fit to the world records. It is a very precise fit and is similar to the 

Quotient trend line apart from the decay slows down quicker producing a bigger lower limit.  The 

prediction for the 2 hour marathon is in 28 years time, and the ultimate world record of 1:51:18.  
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3.4.6 Harmonic Model 

 

 

 

 

 

 

Fig (3.1) shows the world record progression in the marathon over the last 100 years., with a 

harmonic trend line. 

Fig (3.7) shows the trend line of the harmonic fir through the world records. The Harmonic fit is 

better for this distance than the previous two distances but still not a great fit compared to the other 

functions used. Again the problem with harmonic is that its limit continues down to minus infinity 

making this function produce unrealistic times. 

3.4.7 Arithmetic Model 
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Fig (3.8) shows the world record progression in the marathon over the last 100 years, with a 

arithmetic trend line. 

Fig (3.8) shows the arithmetic fit through the world record points. The trend line is very similar to the 

linear trend line, and also has the same problems. The arithmetic fits lower limit is minus infinity 

which is again impossible and the decay of the graph with years is too extreme predicting a time of 

1:46:42 in 50 years time.  

3.4.8 Exponential Model 

 

 

 

 

 

 

 

Fig (3.1) shows the world record progression in the marathon over the last 100 years, with a 

exponential trend line. 

Fig (3.9) shows the exponential trend line through the world records. The trend line visually looks as 

aesthetically pleasing as the quotient and logistic trend lines. The trend line also has reasonable limits 

the lower being 1:57:36, which is near the prediction of the logistic trend line.  
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3.3 Mathematical Analysis  

 (Table 4) shows the predicting functions, there initial and final limits as well as their sum of squares and the rank of them. The table is colour coded, red is 

extremely unlikely, orange is possible and green is most likely or near est the real life. The model function column having their final outcome.

Model 

Function 
F(t) F(0) 

Limit 

tᴼÐ 
F(0) = 

Present day 

predictions 
F(200) = 

Lim 

tᴼÐ  

Sum of 

squares 
Rank  

Linear ὥ ὦὸ ὥ Њ 2:33:38 1:59:42 1:26:26 Њ 244.82 5 

Quadratic ὥ  ὦὸὧὸ ὥ Ð 2:33:32 2:01:07 1:37:12 Ð 210.67 4 

Linear 

Quotient 

ὥ ὦὸ

ρ ὧὸ
 ὥ 

ὦ

ὧ
 2:38:00 2:02:01 1:48:28 1:12:30 105.23 2 

Log Quotient 
ὥ ὦÌÎὸ ρ

ρ ὧÌÎὸ ρ
 ὥ 

ὦ

ὧ
 2:51:48 2:07:59 2:03:23 0.0001        429.37 8 

Logistic 
ὥ

ρ ὦὩ
 

ὥ

ρ ὦ
 ὥ 2:38:46 2:03:27 1:55:06 1:51:18 98.653 1 

Harmonic 
ὥ ὦÌÎὸ ‎ 

‎  πȢυχχςρ 
Ð Њ Ð 2:07:44 2:02:52 Њ 417.59 7 

Exponential ὥ ὦὩ  ὥ ὦ ὥ 2:38:30 2:04:14 1:58:42 1:57:36 105.75 3 

Arithmetic 
ὥ ὸ

ςςὦ ὸ ρὧ
 ὥ Ð 2:32:00 2:01:12 1:32:58 Њ        257.49 6 
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Table 4 shows each function in comparison with the marathon world records, showing their prediction 

at 100 years in the future and their final limit. The table also showing the sum of squares of the 

functions trend line fit, the closer the number is to zero the better the fit. Thus taking the functions 

with the best fit and most realistic limitations we should get a good predictor for the 2 hour marathon.  

The present day predictions are all fairly reliable all falling within4 minutes of the real world record, 

but the two that stand out again are the exponential and logistic. The logistic is only out by 12 seconds 

which equates to a incredibly small difference of 0.1% with respect to the current world record, so the 

logistic function is looking like the best predictor. The lower limits and the large rate of decay over 

time yet again stop the linear, arithmetic and harmonic from being good predicting functions. They all 

have large values of sum of squares so their trend line doesnôt fit the world records accurately.  

The log quotient function has the largest sum of squares, giving it the worst fit to the world records, 

this has already been taken in to account when viewing the graphs. As well as the bad fit the lower 

limit of ultimate prediction is 0.0001 seconds which is unrealistic and produced a similar outcome to 

the two previous distances, ruling this function out.  

The quadratic function is let down by its ascending second part of the curve, also this time the 

function doesnôt fit as well as it did to the previous two distances. Having a high sum of squares and 

producing a lower than expected ultimate world record of 1:10:47, which seems highly unlikely. So 

the quadratic function is not significant at all this time. 

The last three functions are pretty tight to call, but the linear quotients limit is nearly as low as the 

quadratic which is a pretty extreme time to produce. The decay of the linear quotient is greater than 

both the exponential and logistic, giving a time of 1:48:28 in 100 years, knocking off around 15 

minutes. This seems highly unlikely as there has only been a 10 minute reduction in the time over the 

past 50 years. To produce the linear quotients ultimate world record the athlete would have to produce 

26, 2:45 minute miles which is already breaking the world record for the mile in itself.  

The final two functions are nearly identical apart from the sum of squares and ultimate world record 

time are both lower on the logistic. The least square is the factor Iôm going to make my decision on as 

the starting limits are pretty much the same. The logistic has the best fit out of the functions, this can 

be seen from the graph produced. The function predicts a time of 1:55:06 in a 100 years, and an 

ultimate time of 1:51:18. Both of these times are believable, with the help of advancing technology, 

physiological training and economical states of countries. Taking the logistic as the predicting 

function, the 2 hour marathon break through will occur by 2039. This result is backed up with several 

publications and falls one year long of the previous project prediction, 2038 by Sam Glanville 

(2011).
13
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Chapter 4    Comparisons and Continued Study (Extreme Value) 

4.1   Brief 

In this chapter I will be comparing the different distances, and what factors affect specific distances 

causing certain functions to be suitable for different distances or maybe multiple distances. I will also 

be showing an extreme value theory applied to the 100 metres written by John H.J. EinMahl and 

Sander G.W.R. Smeets, showing what I would have liked to have done with my own distances. I will 

compare his predictions with my own from chapter 1 to see whether they back up on contradict.  

4.2 Distinctions and Discrepancies between Distances 

All three events, 100 metres, 1500 metres and the marathon are prestigious events but are very 

different from one another. The physiology of the athletes is completely contrasted from 100 metres 

to marathon. Does the length of the race affect its world record progression though? If so how? 

Obviously the 100 metres being an extremely short distance compared to the others, other factors are 

taken into consideration. Wind is a key factor as previously mentioned a strong head wind can slow 

an athlete by 0.1 seconds. Technologies, running blocks and spikes have been improving over the last 

hundred years pushing times down. Also the 100 metres is now measured up to hundredths of a 

second, being timed by sensors, this could be the reason for the increase in breaks in world records in 

the past 20 years, as before they would have just measured to the nearest tenth of a second. No matter 

how the times are measured they are clearly coming close to a limitation.  

Athletes for the 1500 metres are normally a lot lighter physically and rely on aerobic endurance 

slightly more compared to the sprinter. The 1500 metres is only measured to the nearest tenth of a 

second as the distance is longer. The technology is not as important in this track event as the 100 

metres. Runners donôt start on blocks and their running clothes donôt have to be stream line, because 

the wind doesnôt come into effect as much, because theyôre running complete circuits of the track. 

This could explain why the 1500 metres world records follow a lot more of a linear trend. As 

previously stated the increase in countries participating, amount of athletes and improved training and 

diet will most likely be the main factors to create new world records. As stated here by Edward Coyle, 

director of the Human Performance Laboratory at the University of Texas "World records continue to 

improve for a lot of distances, and it's just because you get more talented athletes entering into the 

event," and "As time goes by, you get more and more athletes who have participated. It's simply a 

probability statement."
14

 

The marathon is the longest running event in the Olympics; it is measured to the nearest second as it 

doesnôt need to be more precise due to world records being further apart than the previous two 
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distances. Out of the three distances the marathon's world records look most likely to be hitting a 

limit;  this will  not be due to technology like the 100 metres, just down to the training, diet and fitness 

of the athlete. The top marathon runners will have to be training to extremes, to limits most humans 

would say impossible and a lot of studies have shown the 2 hour marathon is not possible. The 

marathon runners have to possess a few specific physical traits. An extremely high VO2 max is 

needed, as well as maintaining a high percentage of their VO2 max, around 85-90 percent for long 

periods of time. They must also have good physiological economy, maintaining a certain speed with a 

limited amount of oxygen. I will go into more detail in chapter 5 surrounding this with model by 

Péronnet. To attain all these attributes pushes our species boundaries thus why the limit is ever getting 

closer.   

4.3   Comparing Distances with Functions 

Even though the three distances are completely different, in length, physiology and technology 

surprisingly two functions always come out on top as the best predictors. The marathon and 100 

metres ranked sum of squares were nearly identical, the exponential and linear quotient have switched 

for top place. The problem with the linear quotient on all the distances is that the ultimate prediction 

seemed a bit unrealistic to achieve, but I could be proved wrong, just like Usain Bolt obliterating the 

world record out of nowhere.  The logistic and exponential were always up with the best sum of 

squares, proving the most accurate predictors. The exponential function is used to predict the 100 

metres in my predictions, due to it being the most accurate and realistic limitations. The 1500 meters 

was stuck between the exponential and logistic, it could potentially be a turning point for the distances 

being a middle distance. Whereas the longer distance, the marathon favours the logistic function.  To 

conclude this I would have liked to introduce more distances to see if they back up the functions, to 

show a greater pattern. I thought the percentage of improvement to the ultimate world record may 

have been linked to the functions. This was not the case the 100 metres is predicted to improve by 

5.8%, the 1500 metres by 22.6% and the marathon by 10.0%. Even though they represent the 

functions well, the figures are interesting.  

 

 

 

 



 
44 MMaatthheemmaattiiccaall  FFoorreeccaassttiinngg  ooff  RRuunnnniinngg  LLiimmiittaattiioonnss                                              CC  SShhaaww                                                              447788006655 

 

4.4   Final Comparison Conclusion 

There is not a single function which describes the progression in athletic distances across the board. 

The exponential function seems to have favoured the shorter distances, the 100 and 1500 metres. 

Where the logistic function gives a better fit for the marathon world records, even though this is the 

case, both functions come out on top for long and short distances. To reconcile the results given by 

the particular functions I would have liked to have compared more distances. Instead I am going to 

present a study by John H.J. EinMahl and Sander G.W.R. Smeets, and see what results they produce, 

whether they are similar to my own predictions for the 100 metres or not. To extend my studies I 

could use this method with my own variables, but will explain the procedures used to obtain John H.J. 

EinMahl and Sander G.W.R. Smeets predictions. This theorem could be used by the next project 

student to carry on this study.  

 

4.5   Extreme Value Overview 

Extreme value theory states the Maximum and minimum values on a continuous closed and bounded 

interval.  The extreme value theorem models the Extreme behaviour of the tail probability 

distribution. The three distances previously predicted can be used with the extreme value theorem, but 

I will only be focusing on the 100 metre distance. To see what people predict the futures fastest man 

and woman in the world could reach. The Extreme value theorem is ideally used because it predicts 

the near future ultimate world record, given present knowledge and technology. There are two main 

parts to the theorem for when the function is continuous for all x on a closed interval: 

1. Being if the f(x) is bounded for all x on that interval. This means there is some upper bound value, 

that f(x) is never more than, for all x on closed interval 

2. There is one or more  x=c, where c is on the closed interval making f(c) greater than or equal to f(x) 

for all x on the interval. In short, f(x) has a maximum on the interval, using x's to find the maximum 

values. . ( Same applies for lower bound but only focusing on upper  limit speeds). 
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4.5.1 Data  

The extreme value data is taken from the personal best times of each athlete acquired from the IAAF 

website.
15

 Times which include discrepancies are not included i.e. wind over 2m/s, blood doping or if 

the time was disallowed or changed.  Many of the times are available down to hundredths of a second, 

and because many athletes share personal bests the data will show simultaneous results. So this 

doesnôt occur thus no estimation problems, the data is smoothed. See EINMAHL  and MAGNUS (2008).
16

  

 

So a time 9.95 achieved by multiple athletes, (m) will get spread between the interval (9.945, 9.955) 

as follows:    

◄▒ Ȣ Ȣ  
▒

□
 ȟ    ▒ ȟȣȢȟ□Ȣ 

 

 After this all the smoothed times are converted to speeds, this is simply done by distance over time.  

The higher the speeds, the faster the time run. The table below shows the sample, notice that the 

sample doesnôt include Usain Bolt's 9.58 seconds, because it falls outside the selected sample. The 

time was an extremely fast time and would have a lot of influence on the predicted time, so this result 

is left out for this theorem. This is similar to me ignoring the world record when taking into account 

the present day predictions in table 1. 

 

 

 

 

Event Sample size Fastest Slowest 

100-m men            762         9.72                       10.30 

100-m women            479        10.65                       11.38 
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4.5.2 Extreme Value Theorem 
17

 

The values are converted into speeds as they ascend which makes the theorem smoother to run, using 

a simple distance over time to find average speed. Suppose that ὢȟὢȟȣȣȟὢ  the speeds are ὲ i.i.d. 

(identically independently distributed)observations with continuous distribution function F. Let 

ὢȡ  ὢȡ Ễ ὢȡ denote the corresponding order statistics. ὢȡ  denoting the world record.  

Suppose there exists a sequence ὥ π and ὥ sequence ὦ such that the maximum ὢȡ, (n=1,2,....) 

scaled and appear between  ὥ  and ὦ, converging in the distribution to a non-degenerate distribution 

G: for all continuity points x of G, given below (De Haan and Ferreira (2006)  P9, Remark 1.1.5)
 18

: 

ἴἱἵ
▪O Ð
╟  
╧▪ȡ▪ ╫▪
╪▪

● ἴἱἵ
▪O Ð
╕▪ ╪▪● ╫▪ ╖●                                 

Then the class of non-degenerate distributions that can occur as a limit in equation 1 is the class of 

extreme-value distributions. This class is Ὃ ὥὼὦȟ  Ὃ is the extreme value distribution function, 

with ὥ > 0 and ὦɴ ᴙ, where  

╖♬● ἭὀἸ ♬●♬      █▫►    ♬● Ƞ 

‎ɴ ᴙ is the extreme value index. The extreme-value distribution is characterized by the extreme 

value index ‎, apart from the scale and location constants. If equation 1 holds for G = Ὃ, then we say 

that F is in the max-domain of the attraction of Ὃ, denoted by ὊᶰὈὋ . For a further detailed 

description see, De Haan and Ferreira (2006). 

We are interested in the maxima point of the distribution  ὼᶻ ÓÕÐὼɴ ᴙȡὊὼ ρ. This 

maximum is finite if ‎ π, meaning and approximation for ὼᶻ can be obtained as follows. Rewriting 

Equation 1 (by taking logarithms): 

                                     

ἴἱἵ
◄O Ð
◄ ╕╪◄● ╫◄ ■▫▌╖♬● ♬●♬                 

                                                                             

With Ὃ ὼ > 0 and ὸ ρȢ  ὥ and ὦ are defined by interpolation when t is not an integer. For large 

values of t we then have, 

╕╪◄● ╫◄ ◄
♬●♬  
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Define ώ ὥὼ ὦ to obtain  

╕ὼᶻ
◄

♬
ὼᶻ ╫◄
╪◄

♬               

 

Now suppose that ‎ π. Take ὼᶻ, ὼᶻ being the right end point and note that Ὂὼᶻ ρ. So we find, 

with ὸ  for some positive integer k much smaller than n,  

●ᶻ ╫▪
▓

╪▪
▓

♬
                              

 

4.5.3 Estimators for the parameters 

 

Estimating  ‎, ὥ, and ὦ. Let, for 2  Ὧ  ὲ ρ, introduced in Dekkers, Einmahl and de Haan 

(1989)
19

 : 

╜▪
►

╜▪
► ▓ḧ

▓
ἴἷἯ╧▪ ░ȟ▪ ἴἷἯ╧▪ ▓ȡ▪

►

▓

░

ȟ       █▫►   ► ȟ 

 

Considering two estimators for  ‎ɴ ᴙ. First is the moment estimator:  

♬ ḧ ╜▪  
╜▪

╜▪
  Ƞ 

 

The second is the maximum likelihood estimator or MLE; see Smith (1987)
20

. Now defining the 

following estimators for ὥȾ  and ὦȾ : 

╪▪
▓
Ḋ □░▪ ȟ♬ ╧▪ ▓ȡ▪╜▪    ȟ 

And 

╫ḧ ╫▪Ⱦ▓Ḋ ╧▪ ▓ȟ▪ Ȣ 



 
48 MMaatthheemmaattiiccaall  FFoorreeccaassttiinngg  ooff  RRuunnnniinngg  LLiimmiittaattiioonnss                                              CC  SShhaaww                                                              447788006655 

 

 

This article estimates the right end point of the distribution function F, which is the ultimate world 

record.  (See, e.g., De Haan and Ferreira, 2006), we obtain, using equation 4, as an estimate for ὢᶻ: 

●ᶻ  ╫▪Ⱦ▓
╪▪Ⱦ▓

♬
 Ȣ                      

Confidence interval for the ultimate world record (end point), ὼᶻ we have under certain conditions 

ЍὯὼᶻ ὼᶻ

ὥȾ
 O  ὔ πȟ

ρ ‎ ρ σ‎ τ‎

‎ ρ ς‎ ρ σ‎ ρ τ‎
Ȣ       φ 

 

See Dekkers et al. (1989, p. 1851).
21

 These theorems have been studied thoroughly and for a more 

detailed account see De Haan and Ferreira (2006, chap 4). The choice of the number of upper order 

statistics (Ὧ will account for the estimators of ‎ and ὼᶻȢ 

 

4.5.4 Principal Threshold selection  

To find a value k such that the AMSE (asymptotic mean squared error) of  ‎ is minimized to give the 

most accurate result. For lower values of k the estimator has a large variance where as higher values 

have a large bias. 

The AMSE can be written as the sum of the asymptotic variance (AVar) and the square of the 

asymptotic bias (ABias). Suppose ‎ π. Then: 

 

═╥╪►♬
ρ ‎ ρ ς‎ ρ ‎ φ‎

ρ σ‎ ρ τ‎

ρ

Ὧ
ȟ 

 

See for example Beirlant et al. (2004).
22

 Estimations of ‎ in athletics are negative but close to zero as 

presumed, around -0.1 or -0.2, see Einmahl and Magnus (2008).
23

 The ABias depends on the second 

order parametre ” whether it is ”  ‎ έὶ”‎ but normally it impossible to tell. Luckily therefore 

since ” π we use the expression for ABias in case ” ‎:  
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═║░╪▼♬  
♬

♬ ♬
╬
▪

▓
      ╬●ᴼ  ╪▼ ●O Њ 

 

See Beirlant et al. (2004).
24

 ABias depends on two variables, the ‎ and the function ὧ. Estimating 

AVar and the ABias we can generate an estimate for the AMSE. Plotting  ‎ against k, to find the 

estimator ‎, which is needed for both AVar and ABias as well as ABias needing c(n/k)  as well. The 

graph will produce a sketch, the volatile points will be where k is small and for larger values of k it 

shows a bias and the graph moves upwards or downwards. Taking an average over the first stable 

region as an initial estimator of ‎, and call this value  ‎  . Rather than taking one single value of  

‎ , to make it less sensitive take a range of values.  

 

In Beirlant, Dierckx and Guillou (2005)
25

,  the following model diagnostic for the threshold selection 

is derived under certain conditions( ‎ π :  

╩▒ḧ ▒ ἴἷἯ
╤╗▒

╤╗▒
 ♬ ╬

▪

▓

▒

▓

Ɫ

Ⱡ▒ȟ       █▫►     ▒ ȟȣȟ▓ ȟ 

 

Where 

╤╗▒ ╧▪ ▒ȡ▪╜▪ ▒           Ⱡ▒ ╪►▄ □▄╪▪╬▄▪◄►▄▀ ▄►►▫► ◄▄►□▼Ȣ 

 

The – represents ‎ in case  ” ‎.  ὧ  can be estimated by ordinary sum of squares from:  
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4.5.5 Acquired Results 

Before finding the end point estimation, the data has to be tested to determine whether it satisfies the 

extreme-value condition ( f(x) is continuous on a closed interval [a,b], then f(x) has both a maximum 

and minimum value on [a,b].). Then from the previous section,  ‎ will be determined for both events.  

For both events the extreme value condition is not rejected for almost all values of k, the lower values 

do not satisfy this. The graphs represent menôs (a) and the womenôs (b) test for the extreme value 

condition.  

Fig 4.1 shows the extreme value condition (Dietrich et al, 2002) 

So as you can from the graphs the majority of test statistic (the solid line, both as a function of k) 

passes the 95% quantile (the dashed line) apart from a few high results but this doesnôt affect the bulk 

of results, thus the analysis can continue.  

 

Fig(4.2) shows the moment estimator against k 

for (a) men's and (b) women's 100 metres, the 

dashed line being the final ‎. 

 

The graph to the right shows ‎ versus k. As 

previously stated in athletics all estimates are 

negative. Like before to make the test less 

sensitive weôll take a range of values and work 

out the average and use this. The extreme value 

condition has to be satisfied when choosing a 

region k. The first stable region on menôs 100 
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metres (a) is from 50 to 80 and the second which is less volatile but more bias is 110 to 200. The first 

region gives -0.25 and the second -0.17, therefore we let ‎  range from -0.25 to -0.17.   

The same procedure is done with the womenôs and a range ‎  from -0.28 to -0.18 is produced.  

Consider the range of  ί values for ‎ , so (ὥȟ ί ω ὥὲὨ ὦȟ ί ρρ. 

 

Now estimating the AMSE is possible, plotting AMSE against k for each value of  ‎  in the 

previously specified range.  

Fig 4.3 shows the average estimated AMSE of the moment estimator for men and women, previously 

found from AVar and ABias. 

 

The dotted lines show the selected regions, they are selected by trying to keep k relatively small and 

being independent of the  ί initial estimates. Considering the average AMSE:  

 

═╜╢╔▓
▼

═╜╢╔▓ȟ♬░▪░
▼

▼

▼

 ȟ 

The dotted lines are on the men (a) from 45 to 75, 101 to 175 and for the women (b) between 80 and 

250.  Averaging out these regions produces a table below.  

 

 

 

  Event ♬░▪░                    ♬ 

    100-m men                  -0.25 to -0.18                       -0.19 

  100-m women                 -0.28 to -0.18                      -0.18 
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4.5.6 Maximum Estimation Point 

To estimate, plug in ‎ in to the formula ὼᶻȟ given in equation 5. The equation produced only depends 

on the k in the function  ὓ Ὧ ὺὭὥ ὥ), and ὢ ȡ. The graphs produced for men and women are 

below: 

 

 

 

 

 

 

 

 

 

 

Fig 4.4 shows the estimated endpoint of the speed with  ‎ fixed for both (a) men's and (b) women's. 

The dashed line shows the final choice of the endpoint. 

 

The plots look fairly stable and give a good indication of the ultimate world records. Again to find the 

values from the graphs we take the first stable region, still making sure the extreme value condition 

must be satisfied. Keeping in the 95% confidence intervals by using equation (6) the k region are from 

110-200 and 80-210 for men and women. The dashed dotted line shows the final choice of endpoint. 

From the average of these results we work out the ultimate end point speed, converting these into 100 

metre times, producing the table of results below: 
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The last column represents the 95% confidence limit. According to the results the men still have a 

0.7% improvement to achieve and the women have a larger 1.5%. The confidence limit of 95% gives 

a lower ultimate prediction decreasing the current menôs by 3.9% and the current womenôs by 5.8%. 

26
 

 

4.5.7 Comparing Results 

The 100 metres favoured the exponential function, with the most accurate fit. Our predicted time was 

9.48 seconds in the near future (50 years time), and the óendpointô of the extreme value theorem is 

9.51 seconds which are very similar. As mentioned before the extreme value takes into account 

present knowledge and technology, so this seems reasonable. The 95% confidence limit of the end 

point is 9.21 seconds; this is the value most extreme in the confidence interval which could be 

achieved. This is much higher than our ultimate record of 9.03 seconds produced by the exponential 

function, this could be due to our present knowledge or due to the fact the extreme value theorem only 

took data up to 2008, and did  not include the last two records by Usain Bolt. Had this been taken in to 

account the end point and the confidence limit would certainly have dropped and possibly achieved a 

similar result. The theorem backs up the exponential fit very well for the near future prediction. To 

continue this study I would have continued the extreme value theorem for the 100 metres but bought it 

up to date, as well as producing it for the 1500 metres and the marathon.  

 

 

 

 

Table 
Current WR 

(time) 

Endpoint  

(speed km/h) 
Endpoint (time) 

Confidence limit 

(time) 

100- m Men                  9.58 37.85 9.51                             9.21 

100 ς m Women        10.49                     34.85  10.33                             9.88 
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Chapter 5   How Age Effects Physiology 

 

5.1   Brief 

Age is a big factor on physiology of a human being, in this chapter I will be looking at the three 

physiological factors linked to running, maximum aerobic power, anaerobic power and endurance. 

These three physiological factors are all used in the Pïronnet and Thibault model as well as other 

variables which will be stated later. Using the Péronnet model in maple I hope to achieve a trend from 

the multiple age groups, hopefully showing a visual representation of what happens to the three 

physiological factors according to age. 
27

 

5.2   Data 

The data collected used in the Péronnet model are the world records for each distance from 100 

metres to the marathon, by each age group from 35 to 90 in gaps of 5 years. However there were 

actually two age groups before 35, the first age range was from 15-20,  but as most of the athletes 

were nearer 20 years old; we have taken 20 as the first age limit. The second being 25 years old which 

is actually stated as the world records, the average age of this group was 25 and they are all aged from 

20 -35 when the records were set. 
28

  

 

5.3   Péronnet Program Explanations  

The programme is based on the Péronnet and Thibaults model equation for power output (ὖ) over 

time (T) shown here as equation (5.1). 

 

ὃὺὩὶὥὫὩ ὴέύὩὶ έόὸὴόὸὖ ὪὓὃὖȟὉȟὃ
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The model takes in to consideration ratios of aerobic power when calculating S and B (shown in 

equation 5.2 and 5.3 below), for instance if the race is over 420 seconds (3000m) the equation uses 

natural logarithm of the event duration to reduce the peak aerobic power (Péronnet and Thibault 

(1989, p.453)).
29 This is shown below: 
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The K1 is the time constant for the kinetics of aerobic metabolism at the beginning of 

exercise (30 seconds in), and K2 is the time constant for the kinetics of anaerobic metabolism at the 

beginning of exercise (20 seconds in). The maximal aerobic power is equivalent to the ὠὕάὥὼ, the 

endurance is related to the lactate threshold, and BMR stands for base metabolic rate. Di Prampero 

(1984) cited by Péronnet and Thibault (1989, p.456) found the average power output, ὖ required to 

run a particular velocity can be calculated from the equation produced below:  

ὖ ὥὺ ὦὺ ὧ                         υȢτ30 

Coefficient ὥ is the function for the body surface area found by height and weight, this negotiates the 

wind resistance. Obviously the extreme acceleration in shorter events has an impact on ὥ, so a 

correction is put in place. The b coefficient is the running economy and the c is the base metabolic 

rate. Equating equation (5.1) with (5.4) and then solve the equation for v will give an average running 

velocity for certain parameters. A simple equation of distance divided by velocity will give you the 

running time.  

The programme in maple computes this process selecting the three parameters MAP, A and E that 

achieve the closest estimated time to the real marathon time, thus having the smallest error. Once this 

has been computed for each age group using every distance in each, we can compare the results.   
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y = -7E-05x3 + 0.0054x2 - 0.6048x + 98.465 
R² = 0.9813 
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Maximum Aerobic Power (Fig 5.1) 

5.4   Physiology Results 

I will now look at the results produced from the programme for each of the three parameters; they 

have been plotted in graphs to show a trend with age comparison.  

5.4.1   Maximum Aerobic Power (MAP) 

Maximum aerobic power is the highest rate of oxygen consumption, usually measured during an 

increasing intensity exercise. The exercise intensity increases with the oxygen consumption initially, 

however there comes a point where the oxygen consumption fails to increase but the intensity still 

rises. This graph is produced from the MAP of different age groups:  

 

 

 

 

 

 

 

 

 

Fig (5.1) shows how maximum aerobic power changes with age. 

 The graph shows a rise from age 20 to 25, where it peaks then falls gradually to 80. The peak at age 

25 comes as expected, as these results are the world records to the current date, thus producing the 

best MAP. The surprising factor is how the trend slowly decays with age rather than increasingly 

decays with it. 

After the age 80 the last two values seem to drop a lot more dramatically, this was expected. From the 

age 75 to 95, MAP drops by 36.8% and from 90 to 95 on its own drops by a large 21.7%.The 

percentage drop from age 75 to 95 is larger than from the age 20 up to 75 by a staggering 4%.  The 

body is one of natureôs most intricate organisms and being mortal  the physiology of the body is a 

knock on effect, thus we are not able to push the body to greater limits as ageing takes effect. The 

average life expectancy of a human being is around 70  years old, so people pushing their bodies to do 
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y = 0.0041x3 - 0.8084x2 + 35.266x + 1102.2 
R² = 0.9571 

500 
600 
700 
800 
900 

1000 
1100 
1200 
1300 
1400 
1500 
1600 

0 20 40 60 80 100 

A
n

ae
ro

b
ic

  p
o

w
er

 

Age 

Anaerobic Power (Fig 5.2) 

marathons past this age is an incredible feet on its own, but physiology limits come in to effect, hence 

the dramatic drop. The least square fit shows a very accurate fit of 0.9939 showing the description of 

the trend given above in a good visual representation. The average percentage drop of maximum 

aerobic power per decade from the age 25 to 80 is 5.6%, which as stated before isnôt a dramatic 

decay. 
31

 

5.4.2   Anaerobic Power (A) 

This power is generated not from oxygen but from the energy stored in our muscles called Adenosine 

Triphosphate (ATP) which can be released causing a sudden burst of energy. The graph below shows 

the anaerobic power produced by each age group: 

 

 

 

 

 

 

 

 

 

Fig (5.2) shows the change in Anaerobic Power with age.  

The trend of this graph isnôt as smooth as the MAP. There are a few outliers and discrepancies in the 

results, especially at age 70. This point is a lot larger than expected but looking back at the MAP 

results Fig (5.1) we can also see at age 70 has a lower than expected result. This seems to suggest that 

in the age group including 70, they have a lot better shorter distance runners than longer distance, thus 

producing a higher Anaerobic power and slightly smaller maximum aerobic power.  

From age 20 to 40 the anaerobic power seems fairly constant, showing no major decay. This level of 

anaerobic power being maintained over a period of 20 years shows that the anaerobic capacity is not 

effected till past the age of 40, where it steadily decays similarly to the MAP.  The average percentage 

decay of the anaerobic power each decade from 40 to 80 is 5.8%, which is very similar to the MAP 

decay.  
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The results after the age of 65 are very scattered and havenôt got a large correlation compared to the 

beginning 2/3 of the results. This supports my findings when looking forward to my results in Fig 

(5.4), the errors are particularly high from the 75 to 90 age bracket, thus maybe not producing the 

most accurate answers, even though the results produced were to the lowest error I could maintain 

using the program in maple.  

5.4.3   Endurance (E)  

Endurance is the ability to maintain the aerobic threshold at a constant rate for a long period of time. 

The endurance factor is key for long distance running like the marathon, endurance is closely linked 

to efficiency, maintaining running pace while using a minimal uptake of oxygen. This factor will help 

vastly with endurance, below shows the age ranges with their endurance factor: 

 

Fig (5.3) shows the change in endurance with age. 

 This is unlike the previous two graphs that have decayed steadily with age; the presumption is that 

the graph would have been similar. The graph is not correlated as well as the previous two but a trend 

can be made out of the results. It looks like endurance peaks at the age of 40-45 showing a slight 

decay till the age 80 where it drops aggressively. Endurance isnôt  like anaerobic and aerobic power, 

the trend line increases dramatically from the age 20 to 40, this is because it has been shown that 

endurance is a factor which can be progressively worked on to increase its efficiency, taking years to 

reach its optimum.  

y = -1E-07x5 + 3E-05x4 - 0.0029x3 + 0.1426x2 - 3.1649x + 19.175 
R² = 0.678 
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There are so many variables included in endurance, it could be said that both aerobic and anaerobic 

power both are included. The model below (5.5) produced  by Hirofumi Tanaka and Douglas R. Seals 

shows how age affects endurance through several factors, also including MAP and A.  In Hirofumi 

Tanaka and Douglas R. Seals, (Endurance exercise performance in Masters athletes (2008) pp 55ï63) 

paper they came to a similar conclusion, that endurance gradually decreases through middle age then 

rapidly decreases during older age. They don't seem to comment on the younger ages. 

 

 

 

 

       (5.5)
32

 

 

 

 

 

(5.5) showing the physiological and training elements which effect endurance  

 A similar study was completed by Dieter Leyk, a researcher at the Institute for Physiology and 

Anatomy in Germany. "For these runners, significant age-related losses in endurance performance did 

not occur before the age of 50. Mean marathon and half-marathon times were nearly identical for the 

age groups from 20 to 49 years."
33

 These results report my own, by showing endurance doesn't decay 

significantly up to the age of 50, and might even improve from young ages like 20, with changing 

factors like intensity and volume of training.  

Again the older age results are not in as good correlation, struggling to fit the trend line produced; this 

might be due to the errors being larger.   
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y = 2E-05x3 - 0.0017x2 + 0.0361x + 0.5029 
R² = 0.9244 
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5.4.4 Errors  

The errors of each age will signify the fit of the model, shows to what accuracy the model in maple 

works. The smaller the error the better the fit and the closer the estimated marathon will be to the real 

one of that certain age. Large errors may occur due to non-consistent running times in the age range.  

 

 

 

 

 

 

 

 

 

Fig (5.4) shows the total absolute error for each age group. 

 All the errors are below 1.5 from age 20 to 75, and then there is a severe increase in errors. Age 80 

group hits a 2.88% which is still not dramatically large and falls below 5%, the largest error being 

3.59% from the 90 age group, but yet again below the 5% barrier. The errors show that the older the 

age group the larger the error especially with the older ages. This could be down to the varying quality 

of times produced in the older ages as there is only a limited number of older athletes running at each 

distance.  

5.5   Conclusion  

Péronnet and Thibaults model applied to the Masters Athletics records has produced conclusive 

results for the maximum aerobic power, anaerobic power and endurance, which all have satisfactory 

trends. The accuracy of the parameters equate to the closest estimated time, thus producing the 

smallest error possible is the most important part of the process.  

Starting with the MAP graph, it is extremely linear meaning that exceptional performances in both 

short and long distances produce a similar MAP variable. The model peaks at the ages 25-30, 

revealing that the aerobic system is not at its full potential till around these ages, this could be partly 
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due to the athletes having had several years of training their aerobic system to maximise their oxygen 

consumption at higher intensities. This peak is backed up by  many of the athletes who had broken the 

world record for the marathon, and the current world record holder Patrick Makau Musyoki who was 

26 years old when setting this bench mark.  

The anaerobic power system plays only a very small part in long distance running, due to its main 

phase being  a release of explosive ATP in the muscles for about 4-8 seconds, for example getting out 

of the starting blocks, or the final sprint before the finish. In fact in a study by Fallowfield and 

Wilkinson, there results showed that anaerobic power does not play a key physiological factor in 

distances over 10 kilometres.
34

 So this suggests the graph only represents mainly distances from 100 

metres up to the mile. The graph maintains a stable anaerobic system from the age 20 to 40, but the 

peak is still at 20 to 25 years old hitting a 1545J/Kg, again backing up the current world record 

holders. These results reflect the current world record holders from 100 meters to a mile, all being 

younger than the long distance runners having an average age of 26. A big part of the anaerobic power 

is the fast twitch muscle fibres to use the ATP explosively; this is the reason for the decay in 

anaerobic power as age increases from 40 years old. The anaerobic power drops by nearly half from 

1506J/Kg to 805J/Kg, from the age 40 to 80, showing the severe effects of physiology over these 40 

years. Many studies have come to the same conclusion, that anaerobic power decays quicker than the 

aerobic system, and is a lot higher in the adolescent to middle age categories.
35

  

Péronnet and Thibault believed that the factor endurance was majorly focused on running events 3000 

meters or greater and like the diagram (5.5) suggested that MAP and endurance are related. The 

endurance factor is not as well known as the previous two factors as Péronnet and Thibault (1989) 

state, ñThe physiological basis of endurance capability is not clearly understoodò (p. 459).
36

 The 

diagram (5.5) tries to categorise endurance into several physiological factors.   

The inconclusiveness of the factor of endurance makes it harder to draw a definite conclusion to what 

the effects of age has on it. One thing that does stand out is that the anaerobic power is built for  

shorter distances up to the mile, where as the endurance kicks in for events 3000 meters or over. The 

interesting thing is that where the anaerobic power plateaus from age 20 to 40 when it starts 

decreasing, the endurance gradually increases, opposing this decrease. This could be due to the fact 

MAP is also high as well as the aerobic power, meaning the athlete would have a high Vὕ  and 

therefore wouldnôt need to rely on energy reserves for endurance, this would explain the fairly low 

values for younger ages. The endurance stabilises around -4, at the age of 40 and maintains till around 

age 75dropping a little along the way. This could be linked to the decrease in MAP and aerobic 

power, this decrease will make the athletes rely more on their endurance thus it becoming greater. It 

maintains from majorly decaying  this could be due to the fact athletes are becoming dependant on 

their endurance as their MAP and aerobic power are beyond improvement now. Focusing training on 
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their endurance, athletes can significantly improve it, thus producing a delayed decrease in endurance 

on the graph (5.3). This could also be said for the little rise at the age 90 on the endurance graph due 

to the dramatic decrease in MAP.   

The errors have been made as small as possible using the program, but the older ages from 75 up have 

higher errors, thus putting uncertainty on these results, this could be the knock on effect making the 

latter fit worse. As shown in table 7 in the appendix. The older ages having a larger error could be due 

to other effects, such as a greater variations in the state of health in the elderly which limits the 

number of athletes in these age groups.  

There a many things that could be improved using this program to achieve more accurate results. The 

first thing in the program is that the BM (body mass) and BSA (body surface area) have been set to a 

constant of Haile Gebrselassies body measurements. This would not be the case as sprinters can 

weigh up to double his body weight. To keep the program simple but make it more realistic we could 

take an average of body weights and body surface area of all the distance runners. The main aspect 

that could be changed with more time would be splitting the distances up, as the anaerobic capacity 

focused more on the 100 metres to the mile, whereas the endurance the longer distances.  

Changing these factors would need further research but would most certainly improve the results. 

Many studies have supported my results up to a certain degree, so I would expect the extended results 

would to be similar, the biggest change being endurance factor. The main focus on improving the 

results would be to get a better correlated trend of the running endurance, showing a better synchrony 

with MAP.  There are still so many variables in physiology which will incorporate in these three 

parameters, to come up with a perfect model, Péronnet and Thiabault produced a satisfying model but 

as Blest said ñit is difficult to envisage any model which could incorporate manifold influences which 

would describe the complexity of even the physiological aspects involved.ò
37
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Final Conclusion  

Reflecting back on the abstract and introduction, I wanted to review running limits for human 

performance using mathematical forecasting. I am extremely happy with what I have achieved, 

comparing my own work with similar studies to come to a conclusion. Reviewing online and relevant 

literature, I havenôt found a study which compares many trends through the world records, although 

doing so I did manage to come to similar functions and predictions as many publications which have 

been spoken about previously.  

For each of the three distances I have arrived at a final prediction for the ultimate world record as well 

as a 50 year prediction. The present day predictions helped on the 1500 metres and the marathon but 

wasnôt helpful with the 100 metres because of Usain Bolt giving a unexpected time of 9.58 seconds 

which is said to be way ahead of its time. My final predictions are below with the functions used to 

produce the times:  

Distance Function Used 
Present Day Prediction 

(2012 Olympics) 

50 Years 

Prediction 

Ultimate World 

Record 

100 Metres Exponential 9.707 seconds 9.48 seconds 9.03 seconds 

100 Metres Extreme Value  - 
9.51seconds      

( End point) 
9.21seconds 

1500 Metres Logistic 3:24.19 3:16.35 3:12.00 

The Marathon Logistic 2:03:27 1:55:06 1:51:18 

 

(Table 5) shows the final predictions produced from the functions in each chapter 

 

The third column shows the most accurate predictions for the 2012 Olympics. As you can see the 100 

metres present day prediction is above the actual world record, this is due to Bolt's record being such 

an outlier and is before its time. The 100 metres predictions look consistent, considering the first row 

in the table has the current world record included, where as the extreme value doesnôt include it, this 

is most likely reason for the lower ultimate limit. I am happy and confident with the results I produced 

and I eagerly await to see how close the Olympic times will actually be to my predictions.  

Showing the effects and limitations age has on three physiology factors, maximum aerobic power, 

anaerobic power and endurance,  I have successfully produced three graphs showing multiple trends, 
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both singularly and with each other. There was a very linear relationship between age and MAP, 

decaying on average 8.3% for every decade passing from age 25 to the age 85. The anaerobic power 

findings were similar to MAP  but failed to drop until around the age 40, this trend linked very well 

with the endurance graph. The anaerobic and endurance appear to have a relationship whereby when 

the anaerobic power started to decrease at the age of 40 the endurance was near its peak which 

suggests that endurance takes time to maintain this high rate of activity. This shows that there is not 

only a decaying relationship with increasing age, but a relationship between the physiological factors 

as well.  

Further study  

I would have liked to carry on the study, looking in to reproducing the extreme value theorem for all 

three of the three distances using my own up to date times for each event. Then compare and back up 

the predictions that are in table 5. I found it hard to choose between using exponential and logistic 

functions for the 1500 metres, which were also favourable functions for both the 100 metres and the 

marathon. Ultimately I used the logistic for the longer distances (1500 metres and the marathon) and 

exponential for the 100 metres, therefore I am curious as to whether this is the same for the other 

distances e.g. 200 metres, 10,000 metres. Also to see if the shorter distances favour the exponential 

functions where the long distance the logistic, the 1500 meters (middle distance) being the turning 

point .  

The older age physiology results are the main cause for concern in chapter 5; the uncorrelated results 

are linked to the high errors in Fig 5.4. The reason for the large errors is because the times are less 

consistent with in that age group. This is most likely an effect from the limited number of competitors 

at the age group 75. There are going to be an extremely lower number of older individuals running 

marathons than middle age people, therefore not as many chances to beat that group's world record. 

For the study to run more smoothly we would have to wait for a longer period of time allowing for 

more older athletes to compete for the masters world records and possibly providing a more even 

spread.  Another aspect that could be looked at is that at older ages the athletes age is most likely to be 

at the lower end of the age group so using specific ages of the masterôs world records may spread the 

results out producing a smoother trend.  

The boundaries of these studies are endless there is always the potential to study in more depth for 

example analysis age groups more accurately, apply the study to more distances, or at different 

altitudes, however I am happy that I have been able to brush the surface of this topic.   
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Appendix  5.1 

(Table 6) The ƳŀǎǘŜǊΩǎ world records for each age group, the figures highlighted in yellow are for the records broken this year.  

MEN 15-20 
WR Age 
(Yrs) WR 20 25 35 40 45 50 55 60 65 70 75 80 85 90 

95-
100 >100 

100m 10.01 22.00 9.58 10.01 9.58 9.97 10.29 10.72 10.95 11.44 11.70 11.99 12.77 13.54 14.35 16.16 17.53 21.44 30.86 

200m 19.81 23.00 19.19 19.81 
19.1

9 20.11 20.64 21.80 22.53 23.36 24.73 25.20 26.48 27.97 30.89 34.24 38.57 48.69 77.59 

400m 43.87 32.00 43.18 43.87 
43.1

8 45.68 47.81 50.20 51.39 52.24 53.88 56.37 59.34 65.34 70.64 80.47 95.04 
158.6

4 
221.0

0 

800m 
102.6

9 21.70 101.01 
102.6

9 
101.

01 
103.3

6 
110.3

4 
114.1

8 
118.6

5 
123.7

0 
130.4

2 
134.3

3 140.52 154.30 168.95 198.85 244.85 
583.1

2 
 

1500m 
210.2

4 23.80 206.00 
210.2

4 
206.

00 
212.5

1 
222.6

5 
228.5

3 
245.2

0 
252.5

0 
267.6

5 
279.8

7 297.65 322.40 354.50 398.42 487.17 
777.7

0 
1006.

41 

Mile 
229.2

9 25.00 223.13 
229.2

9 
223.

13 
232.4

8 
242.5

3 
256.0

9 
267.9

0 
276.9

4 
293.2

9 
296.4

0 323.58 341.80 429.60 484.70 630.90 
888.2

0 
 

3000m 
448.7

9 20.40 440.67 
448.7

9 
440.

67 
449.0

0 
482.5

4 
507.7

0 
521.2

0 
537.2

8 
569.4

7 
587.4

0 642.40 670.43 790.46 853.40 
1116.0

0 
1577.

40 
 

5000m 
772.6

1 22.00 757.35 
772.6

1 
757.

35 
774.1

2 
834.1

5 
863.6

0 
893.2

0 
929.7

0 
972.5

7 
998.8

0 
1113.3

8 
1147.0

2 
1317.8

8 
1491.7

0 
1885.4

5 
3010.

56 
 

10000m 
1601.

75 23.20 
1577.5

3 
1601.

75 
157

7.53 
1611.

20 
1710.

88 
1802.

56 
1855.

16 
1911.

86 
2054.

88 
2082.

20 
2284.1

3 
2365.1

6 
2669.2

6 
3170.8

0 
4167.5

0 
  

Marathon 
7575.

00 35.40 
7439.0

0 
7575.

00 
743

9.00 
7439.

00 
7726.

00 
8056.

00 
8369.

00 
8756.

00 
9390.

00 
9717.

00 
10488.

00 
11044.

00 
12343.

00 
15895.

00 
20401.

00 
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 Appendix 5.2 

 

(Table 7) shows the MAP, A, E and error for each age group, the figures highlighted in red are out of correlation of the trend line and in blue 

are the errors where they start to increase, showing a pattern with the uncorrelated endurance.  

Age MAP A E Error Estimated Time Actual time 

20 85.15 1545 -6 0.727 02:06:15 02:06:15 

25 88.3 1511 -6.5 0.6266 02:03:58 02:03:59 

35 84.7 1492 -5.3 0.4301 02:03:59 02:03:59 

40 78.2 1506.5 -4.1 0.4962 02:08:47 02:08:46 

45 73.4 1452 -3.5 0.4285 02:14:17 02:14:16 

50 71.9 1315 -4.05 0.3363 02:19:30 02:19:29 

55 69.5 1285 -4.4 0.6847 02:25:59 02:25:56 

60 65.6 1191 -4.7 0.562 02:36:26 02:36:30 

65 65.1 1078 -5.4 0.8257 02:41:58 02:41:57 

70 57.4 1170 -4 0.8526 02:54:48 02:54:48 

75 57 806 -5.1 1.238 03:04:07 03:04:04 

80 50 850 -4.4 2.833 03:25:44 03:25:43 

85 46.1 710 -7.55 2.28 04:24:55 04:24:55 

90 36 760 -6.7 3.59101 05:40:17 05:40:01 
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Appendix 5.3  
> restart;  

Body Mass and Height for Gebrselassie 
> BM:=56;  

 

> H:=1.65;  

 

> BSA:=0.20247*BM^0.425*H^0.725;  

 

Here overridden by standard Peronnet values to be used for age-related calculation BM (kg) 

BSA(m^2) 
> BM:=70;BSA:=1.8;  

 

 

> time42195:= proc(MAP,A,EUec)  

local 

BMR,TMAP,T,k1,k2,f,E,B,Paer,S,Panr,PT,v,time42195,MAP1,i,time4

2195old;  

Derive the power using Peronnet equation 20 
BMR:=1.2;  

TMAP:=420;  

k1:=30;  

k2:=20;  

f:= - 0.233;  

Convert MAP from ml/kg/min to W/kg 
MAP1:=MAP*(20.9/60);  

E:=EUec*MAP1/100;  

Initial arbitary guess of 130 mins 
T:=130*60;  

time42195old:=T/60;  

time42195:=0;  

Iterate to accuracy of 0.01 minute  

for i  from 1 to 100 while abs(time42195old - time42195)>0.01 do  

time42195old:=time42195;  

B:=MAP1- BMR+(E*ln(T/TMAP));  

Paer:=(1/T)*int(BMR+B*(1 - exp( - t/k1)),t=0..T);  

S:=A*(1+f*ln(T/TMAP));  

Panr:=(S/T)*(1 - exp( - T/k2));  

PT:=Paer+Panr;  

Now solve Peronnet equation 21 using this power 
v:=solve(PT=1.2+3.86*V+0.4*BSA/BM*V^3+2/42195*V^3);  

v:=v[1];  

T:=42195/v;  

time42195:=T/60;  

end do;  

end proc;  
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Here is an example of the search boundaries and step sizes to find 

the best parameters for the smallest error.  

Age-related determination of MAP, E and A - 

> minerr:=100;minMAP:=1000;minA:=1;  

for MAP from 85.15 to 85.15 by 2 do  

for A from 1545 to 1545 by 200 do  

for E from - 6 to - 6 by 1 do  

t100:=(0+10.01/60);  

t200:=(0+19.81/60);  

t400:=(0+43.87/60);  

t800:=(102.69/60);  

t1500:=(210.24/60);  

t1609:=(229.29/60);  

t3000:=(448.79/60);  

t5000:=(772.61/60);  

t10000:=(1601.75/60);  

t42195:=(7575/60);  

 

d100:=t100 - time100(MAP,A,E);  

d200:=t200 - time200(MAP,A,E);  

d400:=t400 - time400(MAP,A,E);  

d800:=t800 - time800(MAP,A,E);  

d1500:=t1500 - time1 500(MAP,A,E);  

d1609:=t1609 - time1609(MAP,A,E);  

d3000:=t3000 - time3000(MAP,A,E);  

d5000:=t5000 - time5000(MAP,A,E);  

d10000:=t10000 - time10000(MAP,A,E);  

d42195:=t42195 - time42195(MAP,A,E);  

 

err:=abs(d100)+abs(d200)+abs(d400)+abs(d800)+abs(d1500)+abs(d1

609)+abs(d3000)+  

abs(d5000)+abs(d10000)+abs(d42195);  

 

fit:=abs(d100)/t100+abs(d200)/t200+abs(d400)/t400+abs(d800)/t8

00+abs(d1500)/t1500+abs(d1609)/t1609+abs(d3000)/t3000+  

abs(d5000)/t5000+abs(d10000)/t10000+abs(d42195)/t42195;  

 

fit100:=fit*100/10;  

 

print(Err_,err,MAP_,MAP,A_,A,E_,E);  

if err < minerr then  

minerr:=err;  

minMAP:=MAP;  

minA:=A;  

minE:=E;  

end if;  
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end do;  

end do;  

end do;  

minerr;minMAP;minA;minE;fit100;  

marathontime :=time42195(minMAP,minA,minE);  

hours:=trunc(marathontime/60);  

minutes:=trunc(marathontime) - hours*60;  

seconds:=round(frac(marathontime)*60);  
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Final Year Project Plan                                                                          Student: Callum Shaw (478065) 

Date:  8/11/11                                                                                      Supervisor:  Mike McCabe  

Provisional  Project Title:  Mathematical Modelling of Running Performance 

Project Brief:  

What times can we expect athletes to run at the London 2012 Olympics? This falls in to the main 

question I will be answering, whether statistical forecasting  can be used to predict reliable results 

for running times of the future. World records are broken and set year after year with no signs of 

stopping as yet. Focusing on the word 'yet', will there come a time where the world record running 

time for that particular distance will not be able to be broken.  The purpose of this project is to see if 

the human body has limits and if we can for see these results using mathematical modelling.  I will 

be collecting data from online resources, processing this data through analytical forecasting and 

then modelling.  The Project includes mathematical forecasting to predict a 2 hour marathon as well 

as other studies, such as work related to the mathematics of running speed and the effects of age on 

running performance.  I will be incorporating and analysing some of the data used in these published 

pieces where necessary as this adds to the diversity of the project at hand.  This diversity will 

hopefully in lighten us on what is the optimum age for achieving the world records as well as what is 

the limit for each age range. I hope to come to a conclusion with a prediction using my own model 

and parameters as well as stating how reliable and accurate the predictor is.  

Plan:  (Less work put in the 1st Semester as weighted Modules 70/50) 

11th November  - Hand in Plan (Background Reading and Resource finding) 

30th November - Structure of Introduction (Getting to grips with LATEX) 

16th December - Introduction Complete  

9th January  - First chapter Drafted (In depth Research 2 hour Marathon) 

20th January - First Chapter Completed  

4th February - Second Chapter Draft  

10th February - Second Chapter Completed  

20th February - Third and Fourth Chapter Draft 

1st March - Third and Fourth Chapter Completed  

10th March - Chapter 5 Completed  

18th March Conclusion Completed and Bibliography 

Last week  to fix any problems  before deadline. 
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Background reading and Resources: 

Published Work by the IAAF( International Association of  athletics federation) 
Modelling the Development of World Records in Running, (Gerard H. Kuper, Elmer Sterken) 2006 
Distance Running Performance and the 2-Hour Marathon:  When, How and Who? (M.McCabe) 
Records in Athletics Through Extreme-Value Theorem (John H.J. Einmahl and Jan R. Magnus) 
PubMed, U.S. National Library of Medicine, National Institutes of Health 
Springerlink.com  Mathematical Modelling 
Mathematics and Sport (L.E. Sadovski and A.L. Sadovski) 
Mathematics and science for exercise and sport the basics (Craig A. Williams, David V.B. James) 

Project Report Outline: 

Abstract 
¶ What times can we expect athletes to run at the London 2012 Olympics and future 

Olympics? 

¶ Will there will be a limit to running performance? If so when? 

¶ Areas of agreement and disagreement Previously 

¶ Women improving more than men? What Does this hold for future? 

¶ Previous methods of analysing  

¶ Struggle to pin down an accurate prediction 

¶ Possibility of further Study 

Introduction 

¶ The Boundaries of Human Performance  

¶ World Record Representation using statistical modelling 

¶ What Programs will use 

¶ What modelling used ( Linear, Polynomial, Piece wise, Gompertz) 

¶ How does age affect Running times? Dramatically? 

¶ Using physiology (VO2 Max, efficiency, lactic) 

¶ Comparing Physiology to running time and Age  

¶ What each chapter will contain  

¶ What I hope to achieve by end of Project 

Chapter 1 - Forecasting a 2 hour Marathon 

¶ Introduction to Chapter  

¶ Using linear trends  (World Records and Averages of each year) 

¶ Analysis Data Pros and cons  

¶ Polynomial trends (World Records and Averages of each year) 

¶ Analysis Data Pros and cons 

¶ Gompertz Model Explanation (show fitting parameters) 

¶ Analysis of Gompertz showing pros and cons 

¶ ? Using previous years predictions, work out the error to predict new results? 

¶ Conclusion of 2 hour Marathon Records 

Chapter 2 - forecasting 100m world record 

¶ Introduction to 100m  
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¶ Using Linear Models of World Records 

¶ Analysis of linear World Records 

¶ Using Polynomial Models of World Records  

¶ Analysis of Polynomial World Records  

¶ Comparisons of Linear and Polynomial   

¶ Gompertz Fit using Parameters 

¶ Analysis of Gompertz  (Prediction?) 

¶ ? Using Previous Predictions? 

¶ Conclusion of 100m 

Chapter 3 - Physiology and human limits 

¶ Introduction and overview of current ideas about human performance  

¶ VO2 Max and Anaerobic Metabolism 

¶ Blood Lactate Factors 

¶ Joyner's Model (Sustainability  VO2 Max, Lactate Threshold)   

¶ Introducing Limiting Factors (efficiency and Economy) 

¶ Peronnets Model 

¶ Analysis of Models 

¶ Power output comparisons using Joyners and Peronnets Model 

¶ Conclusion on physiology and human limits 

Chapter 4 -  Age effects to Physiology and running times 

¶ Introduction and overview of age with athletics and known performance 

¶ Age Trends against Physiology ( Linear, Polynomial, Piecewise) 

¶ Maximum aerobic power output compared with age 

¶ Anaerobic Capacity compared with age 

¶ Endurance Capability Compared with age 

¶ Age Physiology Comparisons to Running times 

¶ Analysis of data  

¶ Conclusion  

Chapter  5 - My VO2 and Other Questions Unanswered  

¶ My VO2  data collection 

¶ Analysis of my results 

¶ Factors that influence times 

¶ Errors that factors cause 

¶ An ideal running situation 

¶ Final predictions table  

¶ 2012 Olympics 

Final Conclusion 

¶ Go over Introduction  

¶ Explain each chapters findings and results 

¶ Predictions explained and how accurate explanation 

¶ What I have learnt from Project  
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